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a b s t r a c t
This paper is concerned with the weak–strong uniqueness of the Cauchy problem for the
2D dissipative quasi-geostrophic equation. We proved the weak–strong uniqueness when
one of the two weak solutions lies in the regular class ∇θ ∈ L1((0, T ); BMO).
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1. Introduction
In this paper, we consider the Cauchy problem for the 2D dissipative quasi-geostrophic equationwhich is first introduced
by Constantin, Majda and Tabak [1]
∂θ
∂t
+ u · ∇θ + κΛαθ = 0, (x, t) ∈ R2 × (0,∞),
θ(x, 0) = θ0, x ∈ R2.
(1.1)
Here 0 < α < 2 and κ > 0 is a dissipative coefficient. Λ is the Riesz potential operator defined by the fractional power of
−∆
Λ = (−∆)1/2 and Λαg = (−∆) α2 g = |ξ |α gˆ.
θ(x, t) is an unknown scalar function representing potential temperature. u(x, t) is the velocity field determined by
u = ∇⊥(−∆)− 12 θ = R⊥θ = (−R2θ,R1θ) (1.2)
whereRj, j = 1, 2 is the 2D Riesz transform defined byRjf = − ξj|ξ | fˆ . Here fˆ = F f is the Fourier transform.
This equation has been intensively investigated due to both itsmathematical importance and its potential for applications
in meteorology and oceanography [2]. When α = 1, dimensionally, the 2D quasi-geostrophic equation (1.1) is the analogue
of the 3D Navier–Stokes equations. For this reason, α = 1 is therefore referred to as the critical case, while the cases
0 < α < 1 and 1 < α ≤ 2 are supercritical and subcritical, respectively.
In subcritical case, Constantin andWu [3] obtained the global regularity of weak solutions to (1.1) with the smooth initial
data. In the critical case, it is worth noting the two important results. Kiselev et al. [4] established the global well-posedness
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results under periodic C∞ initial datawith the aid of the non-localmaximumprinciple. Caffarelli andVasseur [5] constructed
a global regular solution with L2(Rn) initial data. In the supercritical case, the global existence and uniqueness issue is much
more difficult to be examined and is still generally not clear although many results on global regularity of weak solutions
have been obtained (see [6–9]).
To the best of our knowledge, however, the uniqueness of suchweak solution for both subcritical, critical and supercritical
quasi-geostrophic equation is still open. Moreover, it is also desirable to understand the global smooth solutions of
the supercritical case through the weak–strong uniqueness of the quasi-geostrophic equation (1.1). The weak–strong
uniqueness investigation is an attempt to reconcile the weak and strong viewpoints of solutions. More precisely, this
investigation is to find a suitable regular class of a strong solution θ such that all weak solutions, sharing the same initial data
equal this strong solution. For the subcritical case, Constantin and Wu [3] showed the following weak–strong uniqueness
results: if a weak solution lies in the regular class
θ ∈ Lp([0, T ]; Lq(R2)), with 2
p
+ α
q
= α − 1, 1 < q <∞ (1.3)
then there is at most one solution θ to the quasi-geostrophic equation with the initial data θ0 ∈ L2(R2). That is to say, all
the weak solutions with the same initial data θ0 coincide with the strong solution θ . Later on, Dong and Chen [10] more or
less established the weak–strong uniqueness for the critical and supercritical dissipative quasi-geostrophic equations in the
regularity class
∇θ ∈ Lp((0,∞); Lq(R2)), with 2
p
+ α
q
= α, 2
α
< p <∞. (1.4)
More recently, Marchand [11] has proved theweak–strong uniqueness for the critical quasi-geostrophic equationwhen one
of the two weak solutions θ satisfies
θ ∈ L∞((0, T ); H˙− 12 ) ∩ L2((0, T ); L2) ∩ L∞((0, T ); BMO) (1.5)
and the norm ∥θ∥L∞((0,T );BMO) is small enough.
In this paper, we want to extend the previous results (1.3)–(1.5). More precisely, we will show the weak–strong
uniqueness of the quasi-geostrophic equation if θ lies in the following regular class
∇θ ∈ L1((0, T ); BMO). (1.6)
2. Preliminaries and main results
Now we give some notations in this paper. C always stands for an abstract positive constant which may vary from line
to line. Lp(R2)with 1 ≤ p ≤ ∞ denotes the usual Lebesgue space associated with the norm
∥f ∥Lp =


R2
|f (x)|pdx
1/p
, 1 ≤ p <∞,
esssupx∈R2 |f (x)|, p = ∞.
Hk(R2) denotes the Hilbert space { f ∈ L2(R2); ∥∇kf ∥L2 < ∞}. BMO is the space of the bounded mean oscillations [12]
defined by
BMO =

f ∈ L1loc(R2); sup
x,r
1
|Br(x)|

Br (x)
|f ( y)− f¯Br (x)|dy <∞

with
f¯Br (x) =
1
|Br(x)|

Br (x)
f ( y)dy,
and it is easy to see that L∞(R2) ↩→ BMO. We also defined the dual space of BMO by the Hardy spaceH1 and the following
properties are classic.
Lemma 2.1 (Marchand [11]). Assume f ∈ L2(R2), i ∈ {1, 2}, then there exists a constant C such that
∥fRif ∥H1 ≤ C∥f ∥2L2 (2.1)
is valid.
In order to state the main result, we first give the definition of the weak solution to the dissipative quasi-geostrophic
equation (1.1).
Definition 2.1. A measurable function θ(x, t) is said to be a weak solution to (1.1) under the initial data θ0 ∈ L2(R2) if the
following conditions hold true:
(i) θ ∈ L∞((0, T ); L2(R2)) ∩ L2((0, T );H α2 (R2)) for all T > 0;
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(ii) θ satisfies the energy-type inequality
∥θ∥2L2 + 2κ
 t
0
∥Λ α2 θ∥2L2ds ≤ ∥θ0∥2L2 , 0 ≤ t < T ; (2.2)
(iii) for 0 ≤ s < t < T , and any test function ϕ ∈ C1([s, t];H2(R2)),
⟨θ(t), ϕ(t)⟩ +
 t
s
{−⟨θ, ∂τϕ⟩ + κ⟨Λ α2 θ,Λ α2 ϕ⟩ − ⟨θ, u · ∇ϕ⟩}dτ = ⟨θ(s), ϕ(s)⟩, (2.3)
where ⟨·, ·⟩ denote the inner product of the space L2(R2).
Our main result is as follows.
Theorem 2.1. Let 0 < α < 2. Assume θ, θ˜ are two weak solutions to the quasi-geostrophic equation (1.1) with the same initial
data θ0 ∈ L2(R2) ∩ H2+α(R2). If θ satisfies the following regularity class T
0
∥∇θ∥BMOdt <∞, (2.4)
then θ = θ˜ on the interval [0, T ].
Remark 2.1. According to the result byDong andChen [8], theweak solution of the quasi-geostrophic equation (1.1) satisfies
the growth condition (2.4) which is actually smooth and thus our results here obey the weak–strong uniqueness criterion.
Remark 2.2. On comparison with the previous results (1.3)–(1.5), we widen the condition of the regular class and do not
require any small assumption. It should be mentioned that for the 3D classic Navier–Stokes equation, it seem difficult to get
the weak–strong uniqueness results under the same condition∇u ∈ L1((0, T ); BMO). An important observation here is that
there exists some new and different structure in the nonlinear term u · ∇θ when we consider the BMO space.
3. Proof of Theorem 2.1
We divide the proof into two cases: 0 < α ≤ 1 and 1 < α < 2. For simplicity, we assume κ = 1 in the following
argument.
3.1. Case 0 < α ≤ 1.
In order to show the weak–strong uniqueness in the critical and supercritical cases, we first need the following auxiliary
identity.
Lemma 3.1 (An Auxiliary Identity). Under the same assumptions in Theorem 2.1, we have
∂t

R2
θ · θ˜dx+ 2

R2
Λ
α
2 θ ·Λ α2 θ˜dx = −

R2
(u · ∇θ)θ˜dx+

R2
θ˜ u˜ · ∇θdx. (3.1)
Proof of Lemma 3.1. The idea is more or less borrowed from Marchand [11]. We chose a smooth function ϕ(x, t) ∈
C∞0 (R2 × R+) such that
 T
0

R2 ϕ(x, s)dxds = 1 and then define the mollifier
ϕε(x, t) =
ε−3ϕ

x
ε
,
t
ε

, (x, t) ∈ R2 × [ε, T − ε),
0, otherwise.
In order to prove (3.1), we regularize both weak solutions θ and θ˜ to produce
∂t

R2
(ϕε ∗ θ)(ϕε ∗ θ˜ )dx+ 2

R2
(ϕε ∗Λ α2 θ)(ϕε ∗Λ α2 θ˜ )dx
= −

R2
ϕε ∗ (u · ∇θ)(ϕε ∗ θ˜ )dx+

R2
ϕε ∗ (θ˜ u˜)(ϕε ∗ ∇θ)dx. (3.2)
Now we prove the convergence of these integrals as ε → 0. First, according to the definition of weak solution, it is easy to
see that for the integrals on the left hand side of (3.2)
∂t

R2
(ϕε ∗ θ)(ϕε ∗ θ˜ )dx → ∂t

R2
θ θ˜dx,
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and 
R2
(ϕε ∗Λ α2 θ)(ϕε ∗Λ α2 θ˜ )dx →

R2
Λ
α
2 θΛ
α
2 θ˜dx, ε→ 0.
For the first integral on the right hand side of (3.2), since ϕε ∗ θ˜ converges to θ˜ in L∞((0, T ); L2(R2)), the convergence of
this integral is proved if we can obtain the bounds of u · ∇θ in Banach space L1(0, T ; L2(R2)). Indeed, employing some basic
inequalities shows that t
0
∥u · ∇θ∥L2ds ≤ C
 t
0
∥θ∥L4∥∇θ∥L4ds
≤ C
 t
0
∥Λ α2 θ∥
3+2α
4+α
L2
∥Λ2+αθ∥
1−α
4+α
L2
· ∥Λ α2 θ∥
1+2α
4+α
L2
∥Λ2+αθ∥
3−α
4+α
L2
ds
≤ C
 t
0
∥Λ α2 θ∥
4+4α
4+α
L2 ∥Λ2+αθ∥
4−2α
4+α
L2 ds
≤ C
 t
0
∥Λ α2 θ∥
4+4α
4+α · 4+α2+2α
L2
ds
 2+2α
4+α  t
0
∥Λ2+αθ∥
4−2α
4+α · 4+α2−α
L2
ds
 2−α
4+α
≤ C∥Λ α2 θ∥
4+4α
4+α
L2((0,T );L2(R2))∥Λ2+αθ∥
4−2α
4+α
L2((0,T );L2(R2)).
The first factor in the last line is bounded due to the definition of weak solutions. The uniform boundedness of the second
factor is obtained by Dong and Chen [8] since θ is actually a smooth solution. Thus we derive
R2
ϕε ∗ (u · ∇θ)(ϕε ∗ θ˜ )dx →

R2
(u · ∇θ)θ˜dx, ε→ 0.
It remains to prove the convergence of the second integral on the right hand side of (3.2). Since θ˜ ∈ L∞((0, T ); L2(R2))
and ∇θ ∈ L1((0, T ); BMO), from which and together with Lemma 2.1 implies that
θ˜ u˜ = −θ˜ R⊥θ˜ ∈ H1.
It follows that ϕε ∗ (θ˜R⊥θ˜ ) converges strongly to θ˜R⊥θ˜ in L∞((0, T );H1(R2)) and ϕε ∗ ∇θ converges to ∇θ in
L1((0, T ); BMO) strongly. Hence, it is enough to get
R2
ϕε ∗ (θ˜ u˜)(ϕε ∗ ∇θ)dx →

R2
θ˜ u˜ · ∇θdx, ε→ 0.
The proof of Lemma 3.1 is complete. 
Integrating both sides of (3.1) with respect to time from 0 to t yields
R2
θ · θ˜dx+ 2
 t
0

R2
Λαθ ·Λα θ˜dxds = −
 t
0

R2
(u · ∇θ)θ˜dxds+
 t
0

R2
θ˜ u˜ · ∇θdxds+ ∥θ0∥2L2 . (3.3)
Since both weak solutions satisfy energy-type inequalities
∥θ∥2L2 + 2
 t
0
∥Λ α2 θ∥2L2ds ≤ ∥θ0∥2L2 , (3.4)
and
∥θ˜∥2L2 + 2
 t
0
∥Λ α2 θ˜∥2L2ds ≤ ∥θ0∥2L2 , (3.5)
we carry out (3.4)+ (3.5)−2× (3.3) by lettingw = θ − θ˜
∥w∥2L2 + 2
 t
0
∥Λ α2w∥2L2ds ≤ −2
 t
0

R2
θ˜ u˜ · ∇θdxds+ 2
 t
0

R2
u · ∇θ θ˜dxds. (3.6)
Noting the fact that ∇ · u = 0, we can rewrite the right hand side of (3.6) as
−2
 t
0

R2
θ˜ u˜ · ∇θdxds+ 2
 t
0

R2
u · ∇θ θ˜dxds
= −2
 t
0

R2
(u · ∇θθ − u˜ · ∇θθ + θ˜ u˜ · ∇θ − θ˜u · ∇θ)dxds
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= −2
 t
0

R2
[(u− u˜) · ∇θθ + (u˜− u) · ∇θ θ˜ ]dxds
= −2
 t
0

R2
[(u− u˜) · ∇θ(θ − θ˜ )]dxds
= 2
 t
0

R2
R⊥w · ∇θwdxds.
Hence one shows that from (3.6)
∥w∥2L2 + 2
 t
0
∥Λ α2w∥2L2ds ≤ 2
 t
0

R2
R⊥w · ∇θwdxds
≤ C
 t
0
∥wR⊥w∥H1∥∇θ∥BMOds
≤ C
 t
0
∥w∥2L2∥∇θ∥BMOds, (3.7)
and Gronwall inequality implies,
∥w∥L2 ≤ ∥w(0)∥L2 exp
 t
0
∥∇θ∥BMOds

= 0. (3.8)
Thus we finish the proof of the weak–strong uniqueness in critical and supercritical cases.
3.2. Case 1 < α < 2
Since Constantin and Wu [3] proved the regularity of weak solutions for the subcritical case, we can prove the theorem
with the differencew = θ − θ˜ directly. It is easy to see thatw satisfies the following equation
∂tw +Λαw −R⊥w · ∇θ + u˜ · ∇w = 0, w(x, 0) = 0. (3.9)
Applying the basic energy estimates and Lemma 2.1, we obtain
∥w∥2L2 + 2
 t
0
∥Λ α2w∥2L2ds ≤ C
 t
0

R2
R⊥w · ∇θwdxds
≤ C
 t
0
∥wR⊥w∥H1∥∇θ∥BMOds
≤ C
 t
0
∥w∥2L2∥∇θ∥BMOds.
Taking Gronwall inequality into consideration shows w = 0 which proves the weak–strong uniqueness in the subcritical
case.
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